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Abstract 

In this paper we introduce a new geometric flow with rotational invariance and prove that, 
under this kind of flow, an arbitrary smooth closed contractible hypersurface in the Euclidean 
space R"+^ (n > 1) converges to S" in the C°°-topology as t goes to the inflnity. This result 
covers the well-known theorem of Gage and Hamilton in U for the curvature flow of plane 
curves and the famous result of Huisken in [5] on the flow by mean curvature of convex surfaces, 
respectively. 
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1 Introduction 



Since the last quarter of twentieth century, using partial differential equations to formulate and 
solve geometric problems has become a trend and a dominating force. A new area called geometric 
analysis was born. When looking back at the history of geometric analysis, one could see numerous 
success stories of utilizing differential equations to tackle important problems in geometry, topology 
and physics. Typical and important examples would include Yau's solution to the Calabi conjec- 
ture using the complex Monge- Ampere equation (sec Yau [H]), Schoen's solution of the Yamabe 
conjecture (see Schoen [IS]), Schoen- Yau's proof of the positive mass conjecture (see Schoen-Yau 
[Tl]). Donaldson's work on 4-dimensional smooth manifolds using the Yang-Mills equation (see 
Donaldson [3]), and recently, Pcrclman's solution to the century-old Poincare conjecture using 
Hamilton's beautiful theory on the Ricci flow, which is just a nonlinear version of the classical heat 
equation (see [in]-[I2])- However, despite aU these success, the equations studied and utilized in 
geometry so far are almost exclusively of elliptic or parabolic type. With few exceptions, hyper- 
bolic equations have not yet found their way into the study of geometric or topological problems. 
More recently, Kong ct al introduced the hyperbolic geometric flow which is a fresh start of an 
attempt to introduce hyperbolic partial differential equations into the realm of geometry (see [5] 
or [7]). The kind of flow is a very natural tool to understand the wave character of metrics, the 
wave phenomenon of curvatures, the evolution of manifolds and their structures (see [2], [8]-[9]). 

In this paper, we introduce a new geometric flow with rotational invariancc. This flow is de- 
scribed by, formally a system of parabolic partial differential equations, essentially a coupled system 
of hyperbolic-parabolic partial differential equations with rotational invariancc. More precisely, let 
S^t be a family of hypersurfaces in the (n -I- l)-dimensional Euclidean space M"+^ with coordinates 
(cci, • • • , a;„+i), without loss of generality, we may assume that the family of hypersurfaces ,9't is 
given by 



where x = (xi, • • • , Xn+i)^ is a vector- valued smooth function of t and 9 = {9i, ■ ■ ■ ,0n), the new 
flow considered here is given by the following evolution equation 



where /i(t^) (i = 1, • • • ,n) are n given smooth functions, A = ^ is the Laplacian operator. 



and I • I stands for the norm of the vector • in M"+^. It is easy to verify that the equation (|1.2p 
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X = x{t,0i, - ■ ■ ,6'„) 



(1.1) 




n 



(1.2) 




possesses the rotational invariance which plays an important role in the present paper. 

We are interested in the deformation of a smooth closed contractiblc hypersurfacc x ^ xq{6i, ■ ■ ■ , 0„) 
under the flow (|f ■2[) . that is, we consider how the hypersurfacc xq is smoothly deformed, say, em- 
bedded into a smooth family of hypersurfaces depending on a time parameter. This can be reduced 
to solve the Cauchy problem for (|1.2p with the initial data 

t = 0: x = xo{9u--- ,^n). (1-3) 

Obviously, in the present situation, xq = xo(0i, ■ • ■ ,^^n) is a vector- valued periodic function, say, 
defined on [0, 1]". In Section 2, we shall prove 

Theorem 1.1 /// G C\ xo G L°°and \xo{9i, ■ ■ ■ ,0„)| > 0, then the Cauchy problem S1.2\) . SI. 3]) 
admits a unique global smooth solution on [0, oo) x M". 

In particular, the following theorem will be proved in Section 3. 

Theorem 1.2 Suppose that fi{i') are all constants, i.e., fi{v) = q (i = 1, • • • , n), suppose further- 
more that Xq = xo{0i, ■ ■ ■ ,0n) is a smooth vector-valued periodic function with the period [0, 1]", 
and satisfies 

\xo{9i,--- ,e„)\>0, V(0i,--- ,0„) e [0,1]". (1.4) 

Then the Cauchy problem il.2\) - n~3\) has a global smooth solution x = x{t,9i,--- ,0n), and the 
solution satisfies 

,0„)| — >fo ^ / IxoiOi,--- ,en)\dei---den as i^oo. (1.5) 

J[0,1]" 

Moreover, if the hypersurfaces undergo suitable homotheties, then the normalized hypersurfaces 
converge to a sphere in the C°° -topology as t goes to the infinity. 

Remark 1.1 The geometric meaning of the result in Theorem 1.2 can be shown in the following 
figure: 
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X2 




Figure 1: Deformation of an ellipse 



Remark 1.2 In the case n = 1, Theorem 1.1 covers the well-known theorem of Gage and Hamilton 
in for the curvature flow of plane curves; while for the case of general n, Theorem 1.1 covers 
the famous result of Huisken in |^ on the flow by mean curvature of convex surfaces into spheres. 
In particular, we would like to point out that, in Theorem 1.1, we do NOT require the assumption 
that the hypersurface is convex. 

The paper is organized as follows. In Section 2 we prove the global existence and uniqueness 
of smooth solutions for the Cauchy problem (|1.2|) . (|1.3I) : Sections 3 is devoted to the proof of 
Theorem 1.2; In Section 4, we state conclusions obtained in the present paper and give some open 
problems. In Appendix, we investigate the time-asymptotic behavior of global smooth solutions 
for the equation (|1.2p . 



2 Global existence and uniqueness of smooth solutions 

This section is devoted to the global existence and uniqueness of smooth solution of the following 
equation 

dx ^ d{fi{\x\)x) X 

i—i ' ' 

where x = {xi, ■ ■ ■ , XnY" is the unknown vector-valued function, f{v) = (/i(i^), • • • , fmiv))^ is a 
given smooth vector-valcd function, A — — is the Laplacian operator, and | • | stands for the 

i=l i 

norm of the vector • in M". 
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Let 

x = rP, r=\x\, P= (pi,--- ,p„) (2.2) 
Then it is easy to verify that the equation (|2.ip can be rewritten as 

i—1 

and 

2—1 

for smooth solutions. 

We now consider the Cauchy problem for the equation (|2.ip . equivalently, the system (2.1a)- 
(2.1b) with initial data 

t = Q: r = roie), P ^ Poid), (2.3) 

where ro{9) is a given scalar function of 9, and Po{0) is a given vector- valued function of 9. In what 
follows, we first investigate the local existence of smooth solution of the above Cauchy problem. 
As the standard way, let K{t, 9) be the fundamental solution associated with the operator 

d 

— A. That is to say, 

ot 

A-(t,0) = (47rt)-texp(-M!\. (2.4) 



Then the solution r = r{t, 6) of the Cauchy problem 



(2.5) 



dr A d(fdr)r) ^ 
dt ^ 89, 

i—1 

i = 0: r = ro{9) 
has the following integral representation 

r{t,9)^Kit,9)*ro{9) + Y, / Ke,{t - s,0) * {fj{r{s,9))r{s,9))ds, (2.6) 







where * denotes the convolution with the space variables. We have 
Lemma 2.1 Assume that 

f€C\ roeL°°, (2.7) 

then there exists a positive constant T such that the Cauchy problem (2.5) admits a unique smooth 
solution — r{t,9) on the strip 

nT = {{t,9)\te[o,Tl 9 eR""}, (2.8) 
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where 

2 / , \ 2' 



^-nnnn^ (^] (2.9) 



2iJ / ' \ 4Hm 



in which 



M= ||ro(6')||Loo, H= max <^ sup \g,{r{t,e))\, sup 

i,j-l,---,in [\r\<{m+l)M |r| < (m+1) M 



(2.10) 



ftere = rfj (r) (j 1, • • ■ , m) . 
Proof. Set 

Gt = {r : [0,T] X R™ ^ L°°(]R") |||r(t,-)||L=o < (m + 1)M for<e[0,T]} (2.11) 
and let T be the following integral operator 

m „t 

rr{t,9)=K{t,9)*ro{9) + Y, / Ke^{t - s,9) * {f,{r{s,e))r{s,e))ds. (2.12) 
The solution r = r{t, 9) ean be obtained as the L°°-limit of the sequence {r^} defined by 

r°{t,e) = K(t,9)*rQ{9), r^+^=rr^ (ri = 0,l---)- (2.13) 
To prove the above statement, we first claim that, for any t E [0, T], it holds that 

||r'=(t,0)||Loo < (m+l)M, Vfc e {0,1,2, •••}. (2.14) 

In what follows, we prove (|2.14p by the method of induction. 
When /c = 0, we have 

\\r'it,e)U^^\\Kit,9),romL^- (2.15) 
By Young's inequality, we obtain 

\\r"{t,9)\\L^ < \\K(t,9)\\Li\\ro{9)\\L^ = \\ro{9)\\L^ ^ < {m + 1)M. (2.16) 

Now we assume that |lr'^(i, 6')||l°° < (to + 1)M {k G N) holds. We next prove 

\\r''+^it,9)\\L^^ < (to + 1)M. (2.17) 

In fact, 

\\r''+\t,9)\\L^ = \\Tr'^{t,9)h^ 
< 



K{t,x)*rom\L^+y2 / \\K^,{t~s,9)*{f,{r\s,9)y{s,9))\\L^ds 

m .t 

< M + Y, \\KeAt-s,0)\\L4{f,{r'^{s,9))r'^{s,9))U^ds. 



(2.18) 



Notice that 



[4^(t-s)]- 



2(t-s) 
< exp 



exp 



4(t-s) 



4(t-,s) 



^6* 



■ • ■ + exp 



02 



+ 



exp ' 



Q2 



Ait - s) 



■■ ■ + exp 



4(i-s) 



dOi ■ ■ ■ dOj^idOj+i ■ ■ ■ dOjn x 



■ exp 



2(t-s) 4(t-s) 



de. 



[47r(t - s)]-^ i [4(t - s)]^ / exp 



in — 1 



2(t - s) 



exp ■ 



4(< - s) 



d6. 



2{t-s) 

/>oo 

2 / exp 



exp ■ 



4(i-s)^ 
1, 



4(t - s) V 4(t - s) 



(2.19) 



(2.20) 



It follows from (P?T5|) that 

lk'^+'(t,0)l|L-' < ^i + y, \\Ke,{t~s,e)\\L4ifj{rHs,0)y{s,e))\\L^ds 

m „t 

< Af + ^TT-^ / (t-.)-^||(/,(rns,0))r^(s,^))|U~ds 

< M + rmr~'^H [ [t - s)~^ds 

Jo 

= M + 2rmT^'^Ht^ < M + 2rmr^^HT^ < (m + l)M. 

This is the desired estimate (|2.14p . Thus, the proof of ()2.14p is completed. 

In what follows, we prove that {r''{t,9)} is uniformly convergent in the strip (0,r] x R™. To 
do so, it suffices to show that 

oo 

fe=l 

is uniformly convergent in the strip (0,r] x M™. 
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In fact, it holds that 

m „t 



, = 1-^0 

m „i 

< Y \\KeAt-s,mLA\^9jif3k)\\L^\\rHs,0)-r''-\s,d)h^ds 



, = 1-0 



< 77iHmax{\r''{s,e)-r''-^{s,9)\} / (i - s, 0)||Lids 

Jo 

< 2TT-imHti max{\r''{s,e) -r''-\s,9)\} 

< 2T:-imHT^ max { |r'=(s, 6*) - r''-\s,9)\} 

< (2tt- hnHT^y max {\r''-\s, 6) - r''-^{s,e)\} 

< ■■■ 

< (2TT-hnHTiy max{\r^{s,9) -r°{s,9)\} , 



(2.21) 



where 



Noting 



e [min{r''(s, a;), r'' ^ {s , x)} , max{r'' {s , x) , r'' ^{s,x)}]. 

\\r\s,9) ~r"{s,0)\\L'>o <2'K-^mHT^, (2.22) 



we obtain from (|2.2ip that 

\\r^+^ - r'^llioo < {2TT-^mHT^-y^^ . (2.23) 

By ([^ . we have 

< - , (2.24) 



2^ 

oo 

which imphes that ^ [r'^^^ (t, 0) — {t, 9)] is miiformly convergent in the strip (0, T] x K™. Thcrc- 

fc=i 

fore, hm r'^{t,9) gives the unique local solution of the Cauchy problem (2.5). Thus, the proof 

k^oo 

Lemma 2.1 is completed. □ 
Lemma 2.2 Suppose that 



and let M = ||fo||L°=- Suppose furthermore that r{t^9) is the solution of Cauchy problem (2.5) on 
the strip IIt, then it holds that 

\HtM\L^(n^)<M. (2.25) 

Proof. It follows from the proof of Lemma 2.1 that 

lk(i,^)IU-(n^) < (m + l)M = A'. (2.26) 

Introduce 

w{t, 9) = r{t, 9) -M-^ + CLe') , (2.27) 
where C and L are positive constants to be determined. By (|2.27p . 

rt=wt + —e\ Ar = Au7 + -^. (2.28) 

On the other hand, 

E(/^W^K =E(5.W)<^. =E5;«'^''. =E5;W [^o,+jj9A. (2.29) 
i=i j=i i=i j=i ^ 

Thus, 

sKO^^fl, + E + — e - = (2-30) 
Choose sufficiently large C such that 

w(0,9)^ro(9)-M-^(\9\^ + CL)<0, V e M™, (2.31) 

and 

wit, ±i, 02, ■ • ■ , ^m) = r(t, ±i, 02, ■ • ■ , ^m)M - [(L^ + 02 + . . . + ^2 J ^ ^^^t] < 

u;(t, 01, ±£, • • • , 0™) = r(t, 0i, ±i, • • • , 0™) -M-§ [(0f + + . . . + ^j2j ^ ^^^t] < q. 



iz;(i,0i, • • • ,0™_i,±L) = r(t,0i,- • • ,0™-i,±L) -M-^ [{91 + ■■■ + 9l_^ + \L\^) + CLe'] < 

(2.32) 

for all t e [o,r]. 

In what follows, we prove that, for any {t,9) e (0,r) x (— L,i)™, it holds that 

w{t,9)<0. (2.33) 

In fact, if (|2.33p is not true, then we can define i by 

i= inf {i I w(i,0) = forsome e (-L,L)™}. (2.34) 
te(o,T] 



It is easy to see that there exists a point, denoted by 6* G {—L, L)™, such that 

w{t,e)=0, we,{t,e)^0, we^{t,e)=0 (2.35) 

and 

W8,e,{t,e) <0, \fi e {!,■■■ ,m}. (2.36) 
By (ESS])- (ESS), it follows from ({001) that 

w,{i, 0") + ^ E g'M*^ m + - ^ < 0. (2.37) 

Noting 

||.g^(.)||L=o < oo and {lOj) G (0,T] x (-L,i), (2.38) 
we can choose a sufficiently large C such that 

^f^KKM"))^, + > 0. (2.39) 

Combining ([OT]) and (P?^ 

u;t(t,^)<0. (2.40) 
On the other hand, by the definition of (t, 0) it holds that 

,- W(t,e) -W(t- At,9) „ 

u;t(i,0) = lim ^ > 0, (2.41) 

which is a contradiction. This proves (|2.33p . 

Noting (p:?f)) and ([05)) and letting L ^ cx) gives 

r{t,9)<M, y{t,9)eIlT. (2.42) 

Similarly, letting 

,„(^ ff\ — r(i fi\ 4- M -X- 

L2 



j(t, 9) = r(t, 0) + M + ^ + CLe*) , (2.43) 



we can prove 

r(t, 0) > -M, V (t, 0) G Ht. (2.44) 
Combining ([^^ and (|OI)) leads to 

||r(i,0)|Uo.(n,) < Af (2.45) 
Thus, the proof of Lemma 2.2 is completed. □ 

By Lemma 2.1 and Lemma 2.2, we have 
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Theorem 2.1 // / G and vq G L°° , then the Cauchy problem (2.5) admits a unique global 
smooth solution on [0, oo) x M™. 

Now we turn to consider the Cauchy problem (|2.ip (i.e., (2.1a)-(2.1b)), (|2.3p . We have 

Theorem 2.2 Under the assumptions of Theorem 1.1, the Cauchy problem \2.1]) . i2.3\} admits a 
unique global smooth solution on [0, oo) x M™. 

Proof. Noting (1.4), by maximum principle we obtain that, on the existence domain of smooth 
solution, it holds that 

r{t,e)>0. (2.46) 

On the one hand, we observe that, under the condition (|2.46|) . the equation (|2.ip can be reduced 
to the system (2.1a)-(2.1b); on the other hand, we notice that, once r — r{t,9) is solved from the 
Cauchy problem (|A.17p . then the equation (2.1b) becomes linear. Therefore, Theorem 2.2 follows 
Theorem 2.1 directly. □ 

Obviously, Theorem 1.1 follows Theorem 2.2 directly. 

3 Time- asymptotic behavior of smooth solutions — Proof 
of Theorem 1.2 

In this section, we first investigate the time-asymptotic behavior of solution of the Cauchy problem 
(jl.2p . (|1.3p in the case that /i(i^) = c;, and then based on this, we prove Theorem 1.2. 
Notice that, in the present situation, the equation (2.1a) can be rewritten as 

dr dr 

i—l 

Let 

r = t, r]i = 9i - at, 

then 

d__d_dt_ ^d_de^_d_ ^ d_ 

i—l i—l 

Therefore, without loss of generality, wc turn to consider the time-asymptotic behavior of solution 
of the Cauchy problem 

' ut- Au = Q in (0,oo) x R", 

(3.1) 

u{x,0) = uo{x) in R", 
11 



where u = u{t,x) is the unknown function, the initial data uq{x) £ C(T") is a periodic function 
with period, say, T" ~ {x — {xi, • • ■ , x„) | —li < Xi < li}. 

Theorem 3.1 If the initial data uo{x) satisfies Dirichlet conditions, then it holds that 

u{t,x) — > uq as t oo, (3-2) 

where uq stands for the mean value of uq{x), which is defined by 

"0 = — 1 fL„ 1 / uo{x)dx. (3.3) 



vol{T«} 7t 

Proof. RecaU Dirichlet conditions: if the periodic function uo{x) satisfies Dirichlet conditions, 
then 

• uq (x) has a finite number of extrema in any given interval; 

• uo{x) has a finite number of discontinuities in any given interval; 

• uq{x) is absolutely integrable over a period; 

• uq{x) is bounded. 

By the theory of Fourier series, under Dirichlet conditions, U(){x) is equal to the sum of its Fourier 
series at each point where uq{x) is continuous; moreover, the behavior of the Fourier series at 
points of discontinuity is determined as well. Therefore, it holds that 

oo oo 

M^) = 2^ 2^ A^i-m„COS—j—Xi---COS— Xn + 

mi— rtin—0 ^ ^ 
n f oo oo oo ^ 
S 2^ ••• 2^ ••• 2^ ^mi-m.-m„COS-^a;i---Sm— Xi'-'COS— Xn> + 

^=l Uni=0 m. = l m„=0 J 

n— ll?iloo oo oo oo 

i=l J=j+1 mi=0 mi = l iTij = l m„=0 

COS — — xi ■ ■ ■ sm — — Xi ■ ■ ■ sm —j^ — xj ■ ■ ■ cos — ; — Xn } } + ■■■ + 

f'l H f'j 



E\ - .„ . miTT . m„7r 

■•■2^ 4ni...m„sin-^xi---sm— — a;„. 



mi — 1 rrin — l 



(3.4) 
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where Ami - m„ [j = 0, 1, 2 • • • n) stand for the Fourier coefBcients which are given by 



AO 
mi ■■■rrin 



mi ■■■nii ■■■nin 



Al 

ra\ • • -mi • • -mj • ■ -m^ 



An 



/ ■•■ / uq\x)cos— — a;i • • • COS — — x„axi ■ • • ax„, 



■ ■ ■ l-n J-li J-l^ 



Ami ■■■mTi 
h- ■ - In 



h Hi 



■■■In J-li J~li 



miTT rrLi'K m„7r 
COS — Xi ■ ■ ■ Sm — Xi ■ ■ ■ COS — — Xndxi ■ ■ ■ dXi ■ ■ ■ dxn, 

A/'/i pii fij 
m.i---m„ 

■ ■In 



h J -I 



Ij J-l-n 



uo{x)x 



TOiTT 



COS — — xi ■ ■ ■ sin — — Xi ■ ■ ■ sin xj ■ ■ ■ cos — — Xndxi ■ ■ ■ dxi ■ ■ ■ dxj ■ ■ ■ dxn, 

tl Li ij in 



in which 



^m i ■ ■ -rrin 
h ■ ■ ■In 



uo[x) sm — — xi ■ ■ ■ sm — — Xndxi ■ ■ ■ dXn, 

'l in 



(3.5) 



^mi-m„ = if mi = m2 



Am.i - m„ - , if 



• = m„ = 0, 
= rui^ = . . . = mi„_j = 0, m^^ 7^ 0, 



(3.6) 



A,„i...,„„ =1, if mi = 7712 = • • • = rn„ ^ 0. 
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It is easy to see that 



"o(^) = ^1 r " uo(a;)dxi •••dx„ +^ <^ ^ A[j...„^...ocos^a;, 



n — 1 I n I oo oo 

UliTT 



i=l I i='i+l I mi = lmj = l 




n — 2 I Ti— 1 I n I cxD CO oo 

AO 

•mfc---0 



E E E E E E 

i=l k=j+l mi = l,rij = l )rii. = l 

III t<j i<J<fe 

m^TT m,-7r m^Tr 

cos — — Xi cos -Y — Xj cos — Xk 

H f'j f'k 

oo oo 

E\ - .0 miTT m„7r 
•■•2^ ^mi-m„COS— — Xi-'-COS— X„ + 



nil — 1 1 
n ( oo oo 



z^l mi— rrii — l Tn„— 1 z n 



n— 1 I n 



n—2 I n— 1 



I j 



CX3 

E- 


OO 

•E- 


oo 

-E 


mi— 


mi — 1 


rrij—l 






i<j 


m. 






• sm — 


i 


• sm — p 




oo 


oo 

-E 


k=j+i 


mi^O 


mi — 1 



E "^'"i- 



miTT miTT m,7r 'TT-n'"' 

COS — — xi ■ ■ ■ sm — — Xi ■ ■ ■ sm — Xj ■ ■ ■ cos — — 

l\ Li Lj Iji 



E ■■■ E 



i<3 i<j<k 



miTT miTT rrij-K WfcTr ^^^n7^ 

cos — — xi ■ ■ ■ sm — — Xi ■ ■ ■ sm — Xj ■ ■ ■ sm — — Xk ■ • ■ cos — — x„ 

l\ Li Lj Ik in 

oo oo 

■■•2^ ^mi-m„sm— — xi ••■sm— X„. 

mi— 1 nin — l 



Noting that, for the fundament solution K = K{t,x), it holds that 



K{t,x)dx= I [l-X c^^l-^-\dx = l, 
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we obtain 

u{t,x) - / uo{OK{t,x~Od^ 



where 

^0 = 



' I"»(--«(i)*"4-Tr}* 

n 



cos 



- ii) COS — — (x-j - ij)d^\ ■■■d^n 







oo oo oo 






1 ^ y ^ y ^ y ^O - mi - mj - tTifc - O ^ 









(3.9) 



^i^; E E E E^o ™.-oy expj-^^ 



UliTr 



'^^V^-- ^1 cos 



(a;, -C»)cos^^(xj - ) cos (a;*; 



4t J k 

\4TTt 

cos— — (xi -4i)---cos— — (x„ ■■■dt,n, 
n I'll 

^ ' i=\ l,mi=0 mi = l m„=0 ^ ^ 

COS— — [xi - 4i ) • • • sm — — (xi -Ci)---cos— — (Xn - Ujd£,i ■■■d^n } 

i\ Li Lyi J 



X 



(3.10) 
(3.11) 
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\ / i=l mi=0 m. = l m,=l m„=0 



A3 



COS— — (zi - 4i) • • -sm— — (xi - 4i) • • -sm— — (Xj - 4j) ■ • • cos — — (a;„ - ^n)d^i ■ ■ ■ 

1-1 £j tj^' Lfi 

(3.12) 



1 

47rt 







OO 


CX3 


CX3 


oo 


oo 




^eI 


^ ■ 


•E- 


•E- 


• E •■ 


■ E/ ^mi---"iTi ^ 




fc=i+i 




— 1 


mj — 1 


i<j<k 


m„=0 



' U J '^O'^ - 6) • • • sm -^(xi - ^i) ■ 



sm—f—[xj - 4j) ■ • • sm — — (xk -&)■•■ cos — — (x„ - Cn)a4i ■ ■ ■ d^r. 

(•k '"n 



(3.13) 



and so on, particularly, 



\ ^ mi = l m„ = l -^"^ ^ 

sm— — [xi -4i)---sm— {Xn - t,n)dt,l ■ ■ ■ d^n- 



(3.14) 
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On the one hand, 



1 

Ant 



exp 



-LY 

Ant J 



It 1 ^°^~Y^^ ~ ^^^^ 



cos COS ~2/ + sm sm ~2/ 



dy 



/ 1 V "TT 

= - — cos —rx I exp 
\Ant J I ' ^ 



y 



mr 

, , cos ——ydy , , , 

At \ I ^ " \ATTt 



1 \ ^ mr f \ 



V47r 

exp |— yzj + exp | ^yjj 



sm / exp 



1 / 1 V "TT 
— - — sm —rx I exp 
2i \Ant J I ' ^ 



/ 1 \ ^ riTT 

cos I exp 

\Ant J I ' 



r 

4i 



r riTT 1 r titt ~| i 

exp \—y^J - exp I — ^2/*/] 



r 

At 



I 



yi } dy+ 



/ 1 V nn 
-. — cos — 
\ATrtJ I 



cos —X I exp <j -— - —yi } dy+ 



yi } dy- 



( ly . nn [ ( y^ ^ 
sm — X / exp < h 

1 / 1 \ ~ riTT f ( y^ nn . 



At 



On the other hand, 



/ exp{-(ay2 + 26y + c)}(iy 

= y exp [(ay + 6)2 + ac - b^jj 

y" cxp|-i(a?/ + &)2|dj/ 

J 

exp(-2/2)dy 



fe'^ — ac 



= 1-, exp 



(- 

V a 



exp 



6^ — ac 



(a > 0, ac - 6^ > 0). 



Thus 



Similarly, 



-LV 

Ant J 



1 

'Ant 



exp 



exp 



y \ , nn 



nn \ ^ nn 



fnn\'^ . 
I — I t > sm 



T 
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So 



n f oo 



■i— 1 y^rrii — l 



exp <^ — i 2- > d£,i- ■ -d^^- ■ ■ din x 



n— 1 I n I CX3 oo 

E E E E <-r.. 

I i<3 



exp ■ 



f2 



4t 



■ ■ • c?6 ■ ■ • d£,j ■ • ■ d^n ( 7^ 1 / exp <; -^1 cos ^^(x, - ii)d£,i x 



47rt 



4i 



) / exp <! ^ cos ^(a;, - ^,0^^, \ \ + 



At 



n~2 






oo c« oo 






\t\ 


5Z $Z $Z ^O-iTii-mj-mfc-O 








mi = l 7713=1 mfc = l 
i<j i<j<k 



(-) 



exp • 



<1 



At 



d^i ■ ■ ■ d£^i- ■ ■ d£,j ■ ■ ■ d£,k ■ ■ ■ d^n^ 



^ I- cos^(xj -Cj)dOx 

t 7 



Ant I L^'^'^\ At 



^ I TTl ■ TT 

J I. cos -j-{xk - efe)d&) ['[■[■ + •■• + 



oo OO 

E-E^' 

rni— 1 Tn„ — 1 



n f oo 



E ] E ^O -m. -oCXP' 
i—1 \rni — l 



nii'K \ rriiTr 

— t cos— + 



n— 1 I n I oo oo 



E^ E ^ E E <-™.-m.-oexp' 



= 1 i=«+l mi = l mj=l 



2 / \ 2 

niiTT \ I miTT 



niiTT rrijiT 

t > cos —j—Xi cos —j—Xj 



n — 2 I n — 1 I 71 I oo oc oo 

E]E]E]EE E ^O-m.-Tny-nik-O' 
7=1 I j=7+l I k=j+l I mi = lrnj=l 7nfc = l 

i<j i<j<k 



exp ■ 



> 2 / \ 2 

771, TT \ m ~ 



j7r\ / mfeTrV 



rriiTT nijTT TUki^ 

t > cos — Xi cos — Xj cos — Xk 

I ^/c 



oo oo 



E E ^™i-,«„exp. 

rni— 1 Tn„ — 1 



/ miTT 
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t > cos ^ — xi ■ ■ ■ cos — — x„, 

J tl 'n 

(3.19) 



n f oo oo oo 



i—1 \ nil— 771^ — 1 nin—O 



At 



1 

47rf 



exp 



4< 



■■(-) 



exp 



4t 



COS-^ (Xn - ^n)d^n 



n f OO 



E E-E-E^^ 

i—l \mi—0 rrii — l m^— 



exp ■ 



V h J 



+ ■ 



miTT rriiTT rrinTr 
cos — — xi ■ ■ ■ sm — - — Xi ■ ■ ■ cos — Xn f , 



n — 1 I n 



oo oo oo oo 



E E E-E-E-E<-. 

i=l j=i+l rni=0 nii = l mj = l m„=0 

i<j 



t ) X 



(3.20) 



1 



47rt 



4t 



7Z7 / Gxp -— ^cos^(2;i-a)da--- 7— / exp --^ ^ sin — (x, - ' • 



^1 



1 



47rt 



4t 



h 



V47ri 



exp ■ 



^1 
At 



sm— (.Tj -^jOdCi 



■ f-Y 



exp 



\ m„7r 



4t 



cos — [Xn - £,n)d^n 



n — 1 I 71 



00 00 



E E E---E---E---E<-™.-p - 

i=l _)=i+l rni=0 rni = l mj = l ni„=0 L 



miTT 



rriiTT 



COS — — xi ■ ■ ■ sm — - — Xi ■ ■ ■ sm — xj ■ ■ ■ cos — — x„ f f , 

ll Li ij Iji 



(3.21) 
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OO 


oo oo 








E-E- 


•E- 


■ E ' ■ ' E ^^i-ni„ X 








7711—0 77li — 1 


nij — l 
i<j 


i<j<fc 



1 

47rt 

1 

47rt 

1 

47rt 





r a\ 


/ exp< 






f en 


/ GXp< 








/ cxp< 

/R 


I 4t/ 



cos ■ 



TOlTT 



^1 



47rt 

■ f-T 

V47rt y 



exp 



cxp 





. miTT 










en 






> sm — - — 


4iJ 


h 



{xi - £,i)d^i ■ ■ ■ 



n-2 n-1 



E E E E-E-E-E -E^- 

1=1 j=i+l k=j+l mi=0 mi = l mj=l mfc = l m„=0 
III i<j<fc 



exp 



miTT 



miTT 

and so on, in particular 
A 



rriiTT 
T, 



1 -^3 



(3.22) 



ni=l m„=l \ / K J i 



f-V 



exp<^ - 



St?. 

'At 



Sin— (X„ - in)din 



E E ^mi-m„«5XP' 

mi — 1 7n„— 1 

sm — - — xi ■ ■ ■ sm — — Xn- 

h In 



TTilTT 



(3.23) 



Noting 



exp 



miTT 



as i 



(3.24) 



we obtain the desired (3.2) from (3.9) and (3.19)-(3.24) immediately. Thus, the proof of Theorem 
3.1 is completed. □ 

We now prove Theorem 1.2. 
Proof of Theorem 1.2. By Theorem 1.1, the Cauchy problem (|1.2p - (|1.3p admits a global smooth 
solution X ~ x{t, 6*1, •• • , On), and then by Theorem 3.1, the solution x ~ x{t, 9) satisfies p.Sp . p.Sp 
implies that hypersurfaces converge to a sphere with radius fo in the C°°-topology as t goes to the 
infinity. Thus, the proof of Theorem 1.2 is completed. □ 
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4 Conclusions and open problems 

In this paper we introduce a new geometric flow with rotational invariance. This flow is described 
by, formally a system of hyperbolic partial differential equations with viscosity, essentially a cou- 
pled system of hyperbolic-parabolic partial differential equations with rotational invariance, which 
possesses very interesting geometric properties and dynamical behavior. We prove that, under 
this kind of new flow, an arbitrary smooth closed contractible hypersurface in the Euclidean space 
]^>i+i (n > 1) converges to S" in the C°°-topology as t goes to the infinity. As mentioned before, 
this result covers the well-known theorem of Gage and Hamilton in [3] for the curvature flow of 
plane curves and the famous result of Huisken in [S] on the flow by mean curvature of convex 
surfaces, respectively. In fact, more applications of this flow to differential geometry and physics 
can be expected. 

In the present paper, we only investigate the evolution of closed contractible hypersurfaces in 
the Euclidean space R" {n > 2) under the flow equation (jl.2[) . there are some fundamental and 
interesting problems. In particular, the following open problems seems to us more interesting and 
important: (i) use the flow equation (j2.1[) to investigate the deformation of a closed m-dimensional 
sub-manifold a;o = xo{9i, ■ ■ ■ ,0m)', (ii) find a suitable way to extend the results presented in this 
paper to the case of Riemannian manifolds in stead of the Euclidean space R"; (iii) introduce the 
theory of viscous shock waves to investigate geometric problems. These problems are worthy to 
study in the future. 

Appendix 

In this appendix, we investigate the time-asymptotic behavior of solution of the following 
Cauchy problem 



where u is the unknown scalar function, fi(u) (i = 1, • • ■ ,n) are smooth functions, uq is a periodic 
function which stands for the initial data. 




(A.l) 



u{O,0)^uo{O) 



Lemma A.l // uq{0) is a smooth periodic function with period T 



{0 = {0i,02, 



h ^ Oi < li\ , then u{t, x) is also periodic with period T" for any t. 
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Proof. Since uq{9) = 14(0,6*) is periodic with period T", it holds that 

u(0, 6) = uo{9) ^uo{e + T") = u(0, 9 + T"). (A.2) 
Taking into account the property of the uniqueness of the solution u{t, 9), gives 

u{t,9) ^u{t,9 + T''). (A.3) 

This proves Lemma A.l. □ 

Let ft he a, smooth domain in K" and consider the parabolic operator 

with smooth and bounded coefficients and a nondegencratc matrix (fly). 

Lemma A.2 (Harnack's inequality) Suppose that u{t,9) E C^{{0,T) x 17) is a solution of 
^ — Lu > in (0, T) x il, suppose furthermore that u{t, 9) > in (0, T) x fl. Then for any given 
compact subset D of fl and each r G (0,T), there exists a positive constant Ci depending only on 
D, T and the coefficients of L, such that 

su^u{t-T,9) <Ci\TLiu{t,9). (A.5) 

K K 

Lemma A.3 Suppose that nit, 9) is a periodic solution of the following equation 

l + E^^-^-' V(M)e(0,oo)xR" (A.6) 

i—1 

with a period, say, T" = {0 = {9i,92, 6'„) | -k < 9, < k}, where /, € L°° {i e N). Then 

there exists a positive constant C2 depending only on T",t and fi, such that 

\\u{t-T,9)\\L^^j.-^<C2\Ht,9)\\Li(T^). (A.7) 

Proof. The proof will be divided into two cases. 
Case I: u{t, 9) > Q 

By Harnack inequality, i.e., Lemma A.2, there exists a positive constant C3 depending only on 
T", r and fi such that 

su^u{t~T,9) <Cixdu{t,9). (A.8) 
By the mean-value theorem, there exists a point G T" such that 

"^^WlL "^^'^^"^^ " y^|Tt'"l"(^,^o) > fiuit,9), (A.9) 
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Therefore, using (A. 8), we have 



^h(i,0)IUi(T") = uit,e)>miuit,e) 

, (A.10) 

> —SUpu{t - T,0) > — - T,e')||icx,(T-). 

So 

h(t-r,0)|Uo.(T.) <C3||u(t,0)|lLi(T^), (A.ll) 

where C3 = 

Case II: General case 
Let 

u{t,e)+ =msix{u{t,e),0} , u{t,e)- = -mm{u{t,9),0} . (A.12) 

Then 

u{t,e) = u{t,e)+ - u{t,e)- (a.is) 

and 

u{0,9)=:u{0,9)+ ~u{0,9)-. (A.14) 

By Theorem 2.1, it is easy to sec that the solution u{t,6) is unique. Substituting (A. 13) into (A. 6) 
gives 

We turn to investigate the following Cauchy problems 

dw^ v"^ d{fi{u)u^) , I . ,„ N ^„ 
^+E^^i^-A.+ m(0,oo)xE", 

^=1 (A.16) 



and 

du~ d{fi{u)u 



u+{0,9)=u+{9) 

— = Au m (0, 00) X 



(A.17) 

u-{Q,e) = u^{e) inM". 
By making use of the method of the proof of Theorem 2.1, we can easily prove the Cauchy 
problems (A.16) and (A.17) admit the unique non-negative solution, respectively. Noticing (A.ll), 
we have 

supu{t-T,9) <supu+{t~T,e) <C3 I u+{t,e)de (A.is) 

and 

miu{t-T,9)>-s\ipu-{t-T,9)>-C3 u-{t,9)d9. (A.19) 
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Consequently, 

||M(^-r,^^)|U=c(T.) < C3 [ {u+{t,e) + u-{t,e))de 



< C3 / \u{t,e)\de<C3\\u{t,9)\\mT^). 



(A.20) 



This is the desired estimate (A. 7). Thus, the proof of Lemma A. 3 is completed. □ 

Let us recaU some notions which will be used later. Let C^^(T") be the space of T"-periodic 
functions in C°°(R"), and 

'^peZoci^ X T") = {uit, 9) I 9) G W/;^°°(Ri+") and u(t, 0) is T" - periodic in 9}, 

^pV(T") = {u{t.d) I GC-,(T")f|i/i(T")}, |1.|Ih^„(T") = II'IIhmt")- 

(A.21) 

Noticing (2.10) {i.e., QiW) ^ .AC'^O'^O' ^^'^ rewrite (A. 6) as 

du 

— + diYegiu) = Am. (A.22) 
In a manner similar to [1], we can prove the following result on stationary solutions of (A.22). 
Proposition A.l Let 

g{v(t, 9)) e <;,°:,„,(R X T")", dWeg{v{t, 9)) G L,- (Ri+"). 
Suppose that there exist real numbers Co > 0,m > and I G [0, ^j^) for n>3, such that 

\g'Mt,0))\<Co{l + \vn (A.23) 

and 

\diveg{v{t,9))\<Co{l + \v\') (A.24) 

for all {t,9) G R X T". Suppose furthermore that the couple {m,l) satisfies at least one of the 
following conditions 

m = 0, (A.25) 

/G[0,1), (A.26) 

Z < min I — — — ,2! and there exists to & ^ such that divgg(v(to,9)) = for all 9 E T" . 
I n J 

(A.27) 

Then for any fixed p gR, there exists a unique solution v = v{p, •) G iJpg^(T") of the problem 



Av{p, 9) + divgg{v{p, 9)) = 0, v{p, •) = p. (A.28) 
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Moveover, v{p,u) satisfies the growth property: if p > q, then 

v{p,e) >v{q,e), V6'eT". (A.29) 

Remark A.l Usually, the problem (A. 28) is called "cell problem". 

Wc now state the main result in this section. 

Theorem A.l Suppose that ua{e) G L^^(T"), 

u = u{t, 0) e C{[0, L\r^)) fl L°°([0, ^) X T") fl iL([0, oo), i7i,,(T")) 

be the unique solution of the Cauchy problem 

du 

— + dive.g(it) = Au in (0, oo) x T", 

(A.30) 

u{e,Q)^ua{e) mT", 
and v{uq,6) G Hp^^{T") is the solution of the associated cell problem (A. 28), where 

uo ^ , ip,, -, / uo{x)dx. 
voljT"} 

Suppose furthermore that g{v{t,0)) G Wp-^i^^{M. x T")", d9^g[{u{t,e)) G ^^^(i? x T") and the 
assumptions of Proposition A.l are satisfied. Suppose finally that there exist constants Pi, 1^2 G M 
such that 

vWi,e) <uo{e) <v{i32,e). (A.31) 

Then it holds that 

\\u{t,0)~v{u^,0)\\L^i^r.)^O ast^<x. (A.32) 
Before proving Theorem A.l, we introduce the fohowing notations: 

M{t, 9) =su-p u{t,0), (A.33) 

P(t) = inf {p I v{p, 6) > M(t, 0) for G T"} (A.34) 



and 



N(p, t) = {0e T" I v{p, 0) < M{t, 0)}. (A.35) 



By maximum principle, we can find that ii u = u{t, 0) is a solution of (A. 22) with the initial data 
satisfying (A.30), then 

v{l5i,0) < u{t,0) < v{l52,0), V [t,0) G [0,oo) X T". 
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Moreover, it is easy to show that P{t) is a bounded non- increasing function of t. Therefore, we 
may set 

P = hm F(t). 

t^oo 

In order to prove Theorem A.l, we need the following lemma. 

Lemma A. 4 Suppose that u = u{t, 9) is a solution of 

du -J^ d(fi{u)u) , 

i—l 

and v{q, 9) is the solution of the associated cell problem (A. 28). Then for any given positive constant 
e, there exist to G M and sequences and {t„} satisfying t„ > t„ > tg and lim t„ = oo, and 

n— f oo 

On G N(ti,t„), such that 

K(O,0„)|<e, (A.37) 



where 



L0nit,e) = v(F{tn),e)~u{T„+t,9) (t G [0, 1] , ^^ G T") . (A.38) 



Proof. Since v{t, 9) is a continuous function of t, for any given positive constant e > 0, there 
exists a positive constant 6 such that 

\\v{t,e)-viF,e)\\L^^r.) < ie, (A.39) 

provided that |t — P| < S. Choose £ such that 

|P-P(t)|<(5 for t>to. (A.40) 

By (A.39), we have 

\\viP,e)-v{P{t),e)h^^r.^ < ^e. (A.41) 

Let ti G M satisfy 

|ti-P|<'^ for ti<P. (A.42) 

By (A.39) again, we get 

1 



|i;(ti,0)-t;(P,(?)|[ioo(T,.) < -£. (A.43) 



Combining (A.41) and (A.43) gives 



\\v{ti,9) - v{P{t), 0)||L=e(T") < \\viti,9) - v{P, 0)||l==(T") + ||«(P, 9) - v{P(t), 0)|Uoe(T.) 



1 1 2 
< — e H — e = —e. 
"33 3 



(A.44) 
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Hence, for t >to and 6 G N(ti,<), it holds that 



v{P{t),9) - -e < v{h,e) < Mit,e) < viP{t), 
Let {tn} be a sequence and satisfy 

hm tn = oo. 

For On e N(ii,t„), there exists t„ (> t„) such that 



(A.45) 



|u(r„,6l„) -M(t„,6'„)| < -e. 
Consequently, for large n we have <„ > to, and then we obtain from (A.45) that 

v{P{tn),en) - < V{tl,dn) < M(t, 0„) < « (P (t„) , 0„ ) . 

Combining (A. 46) and (A. 47) yields 



(A.46) 



(A.47) 



W„(0,^„) = \viPitn),en)-uiTn,en)\ < £• (A.48) 

This proves the desired (A. 37). □ 
We now prove Theorem A.l . 

Proof of Theorem A.l. Without loss of generality, we may choose t„ and tn, with t„ > t„, it 
follows that LOn is a non-negative function. By (A. 28) and (A. 31), aj„ is a non-negative solution of 
the following equation 

^ + dive 1^ g'[Tv{P{tn), e) + {l- T)u{Tn + t, 0)]d™„| = Aw„ in (0, oo) X T". (A.49) 
Since v{t, 9) is a solution of the associated cell problem (A. 28), we can choose K > such that 



K < v(ti,e) < v{t2,0) < K. 



(A.50) 



So we have 



g'[Tv{P{tn),e) + (1 - T)u{Tn + t,e)]dT 







< \\9'\\l^([~k,k]xy^)- (A.51) 



L=°([0,l]xT") 

According to Lemma A. 2, there exists a constant C only depending on T" and ||9„(7||Loo([_jf ^^jxT") 
such that 

(A.52) 



supw„(— 0,6*) < Cinf a;„(0, 0). 



It follows from Lemma A. 4 that 



< v{P{tn), 0) - u{Tn " a, 0) < Cs. 



(A.53) 
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Thus, there exists a sequence rjn such that 

||u(?7„, 61) -'y(P,6l)||i^(T") ^ as n^oo. {AM) 

On the one hand, integrating equation (A. 31) over all T" leads to 

[ u{t,9)d9:=: [ u{0,e)de, (A.55) 

which implies that the total mass of solutions is conserved for all time. On the other hand, letting 
n ^ oo and combining (A. 28) and (A. 54) gives 

M^=P. (A.56) 

If ui,M2 are solutions of (A. 36), we can obtain the contraction property by similar method in 

\\ui{t) - ?/2(t)||Li(T") < WMs) - Ms)\\lHt^) for 0<s<t. (A.57) 

Because u(uo, 0) is a stationary solution of (A. 31), we choose ui = u,U2 = v{uo, 0), s — r]n,t > rjn, 
and then we have 

\\u{t,e) - v{1m), 6) W^nj^f ~> as t oo. (A. 58) 

By Lemma A. 3 and (A. 58), we obtain 

\\u{t,9) - v{u^,0)\\La.(j„) ^ as t ^ oo. (A. 59) 

Thus, the proof of Theorem A.l is completed. □ 
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